Abstract. On a compact Kähler manifold, we introduce a property in terms of holomorphic sectional curvature, which is weaker than existence of a Kähler metric with semi-negative holomorphic sectional curvature. We prove that a compact Kähler manifold satisfying this property has nef canonical line bundle, does not contain any rational curve and satisfies the Miyaoka-Yau inequality. We also observe a Chern number inequality of Miyaoka-Yau type on a compact Kähler manifold X with semi-ample canonical line bundle and the numerical Kodaira dimension ν(X) < dim(X) − 2.
Introduction
For a compact Kähler manifold, one of the most fundamental questions is: when its canonical line bundle is nef? A compact Kähler manifold with nef canonical line bundle is called a smooth minimal model, which is of great importance and interest from the viewpoint of algebraic geometry (in particular, minimal model program). In complex geometry, an important object is to give geometric criterions for positivity (e.g. nefness or ampleness) of canonical line bundle. According to conjectures of S.-T. Yau, the negativity of the holomorphic sectional curvature should closely affect the positivity of the canonical line bundle. For example, thanks to Yau's Schwarz Lemma [30] , a compact Kähler manifold (X, ω) with semi-negative holomorphic sectional curvature does not contain any rational curve and hence, if X is projective, its canonical line bundle must be nef by Mori's Cone Theorem (see e.g. [11] ); if in general X is Kähler, then its canonical line bundle is also nef, thanks to a recent work of Tosatti-Yang [20, Theorem 1.1] . Moreover, a conjecture of Yau predicts that a compact Kähler manifold (X, ω) with negative holomorphic sectional curvature has ample canonical line bundle. This conjecture is solved in a breakthrough of Wu-Yau [26] provided the manifold is projective (for the surface case and threefold case, it is previously proved by B. Wong [24] and Heier-Lu-B. Wong [7] , respectively); Tosatti-Yang [20] extended Wu-Yau's work to the Kähler case and hence proved Yau's conjecture in full generality. Diverio-Trapani [4] and Wu-Yau [27] further proved a compact Kähler manifold (X, ω) with quasi-negative holomorphic sectional curvature has ample canonical line bundle (see P. Wong-Wu-Yau [25] for the special case that the manifold has Picard number one). One can also find a Kähler-Ricci flow approach in Nomura [13] for results of Wu-Yau [26] and Tosatti-Yang [20] .
In general, for a given positivity of canonical line bundle, one may naturally wonder what's the "weakest/optimal" negativity condition on holomorphic sectional curvature which implies the given positivity of canonical line bundle? In contrast to the ampleness of canonical line bundle (which is equivalent to the existence of one Kähler metric of negetive Ricci curvature), the nefness of canonical line bundle is defined by limiting a sequence of Kähler classes, and hence it seems not "optimal" to derive the nefness of canonical line bundle from the semi-negativity of holomorphic sectional curvature of one Kähler metric. Then it may be natural to ask: In this note, we shall propose such a property. To introduce this property, we first associate a number to a Kähler class as follows. Definition 1.1. Let X be a compact Kähler manifold and α a Kähler class on X. We define a non-negative constant µ α for α in the following way: µ α = 0 if there exists a Kähler metric ω ∈ α with sup X H ω ≤ 0; otherwise we define µ α := inf{sup X H ω |ω ∈ α, ω is a Kähler metric on X}.
For a compact Kähler manifold (X, ω), sup X H ω means the maximum of the holomorphic sectional curvature of ω on X. The number µ α has some basic properties, e.g. µ cα = c −1 µ α for any positive constant c, µ α| Y ≤ µ α for any compact complex submanifold Y of X, and µ α is invariant under biholomorphisms, namely, given a biholomorphism π : Y → X between two compact Kähler manifolds and a Kähler class α on X, we have
Then we define the following property for a compact Kähler manifold. 
We mention that Property (A) is a condition for Kähler classes (not the metrics), and it may be seen as an approximate semi-negativity of holomorphic sectional curvature. Obviously, a compact Kähler manifold admitting a Kähler metric with semi-negative holomorphic sectional curvature must satisfy Property (A).
The first main result is a generalization of Tosatti-Yang [20 Our proof for Theorem 1.1 will be given in Section 2, which is based on an estimate on lower bound for existence time of the Kähler-Ricci flow in terms of the upper bound for the holomorphic sectional curvature of the initial metric. As a byproduct of our arguments, we also observe a lower bound for the blow up rate of the maximum of holomorphic sectional curvature along the Kähler-Ricci flow with a finite time singularity, see Proposition 2.4 in Section 2.
A classical result of Yau [30] (also see Ryoden [16] ) proved the non-existence of rational curves on compact Kähler manifolds admitting a Kähler metric with semi-negative holomorphic sectional curvature. Our second result extends this result to compact Kähler manifolds satisfying Property (A). 
It is known that the above Miyaoka-Yau inequality (1) holds in many cases; an incomplete list: surfaces of general type [12, 29] , K X is ample [29] , minimal manifolds of general type [23, 32, 18] , minimal projective varieties of general type [5] , minimal projective varieties [6] and compact Kähler manifolds whose c 1 (K X ) admits a smooth semi-positive representative [14] .
Recall that for an n-dimensional compact Kähler manifold X with nef canonical line bundle K X , the numerical Kodaira dimension ν(X) of X is defined to be
Then if ν(X) < n − 2, the conclusion in Theorem 1.3 holds trivially. To make a nontrivial conclusion, it is natural to replace (−c 1 (X)) n−2 by (−c 1 (X)) ν(X) ∧ α n−ν(X)−2 for some Kähler/nef class α on X (compare e.g. [6, Theorem B] ). Motivated by these, we obtain the following result. Theorem 1.4. Assume X is an n-dimensional compact Kähler manifold (n ≥ 3) with nef K X and the numerical Kodaira dimension ν = ν(X) < n − 2.
(1) If there exists a Kähler class α on X with µ α = 0, then there holds
(2) If X satisfies Property (A) defined by Kähler classes α i and, additionally, µ α i > 0 and α i → α ∞ for some nef class α ∞ , then there holds
Remark 1.6. For convenience, let's look at a special case of above results: assume (X, ω) is a compact Kähler manifold with semi-negative holomorphic sectional curvature, then Theorem 1.3 and Theorem 1.4 (1) apply, and we have
Our proofs for Theorems 1.3 and 1.4 will make use of Wu-Yau's continuity equation [26, equations (3. 2)] to construct certain family of Kähler metrics, see Section 4 for details.
As we mentioned before, if K X is semi-positive, i.e. the canonical class −c 1 (X) admits a smooth semi-positive representative, then the Miyaoka-Yau inequality (1) holds on X, thanks to a recent work of Nomura [14, theorem 1.1]. Similar to the above Theorem 1.4, if ν < n − 2, it seems natural to extend [14, Theorem 1.1] to certain conclusions similar to the above inequalities (2) and (3). Here we observe a conclusion of such type under a stronger assumption. Theorem 1.5. Assume X is an n-dimensional compact Kähler manifold (n ≥ 3) with semi-ample canonical line bundle K X and the numerical Kodaira dimension ν = ν(X) < n − 2. Then for any nef class α on X there holds
Here we have assumed semi-ampleness of K X , which by definitions is stronger than semi-positivity of K X , as well as nefness of K X (but the Abundance Conjecture predicts semi-ampleness of K X is equivalent to nefness of K X ). Also note that when K X is semiample, the numerical Kodaira dimension ν(X) equals to the Kodaira dimension of X.
We should mention that, for a minimal projective manifold X with ν(X) < n−2 and an arbitrary rational Kähler class α on X, the inequality (4) is always true, see [5, Theorem B] ; then our Theorem 1.5 may be regarded as a partial extension of this result to the Kähler case. It is natural to expect that Theorem 1.5 should be extended to any minimal compact Kähler manifold with ν(X) < n − 2.
Since a nef class is a limit of a sequence of Kähler classes, to prove Theorem 1.5 it suffices to check (4) for any Kähler class α on X, which can be achieved by certain arguments due to Y.G. Zhang [32] using the Kähler-Ricci flow, see Section 4 for details.
Organization of this note: Theorems 1.1 and 1.2 will be proved in Sections 2 and 3, respectively; Theorems 1.3, 1.4 and 1.5 will be proved in Section 4. In Section 5, we will discuss some basic phenomenons of Property (A).
Nefness of canonical line bundle
We first recall a result of Royden [ 
Proof. For convenience we recall here a proof due to Royden. It suffices to show that, for any given point x ∈ X and ξ 1 , . . . , ξ n a basic of T 1,0
x (X) which is orthonormal with respect toω, there holds
Recall that [16, page 552] shows, if sup X H ω ≤ A for any fixed A ∈ R, there holds
Therefore, when A > 0, by using an easy inequality
we immediately conclude (5) from (6). Proposition 2.1 is proved.
Remark 2.1. In the above proof of Proposition 2.1, if in particular sup X H ω ≤ A ≤ 0, then by an obvious Cauchy inequality one has (assume X is of dimension n)
which has been very useful in solving Yau's conjecture, see [26, 20, 4] . However, for our later applications, we will need A > 0 case in Proposition 2.1.
The following proposition provides an effective way to estimate the lower bound for existence time of the Kähler-Ricci flow in terms of the upper bound for the holomorphic sectional curvature of the initial metric, which will play a key role in proving Theorem 1.1. 
exists a smooth solution on X × [0,
Proof. The Kähler-Ricci flow (7) is equivalent to the following parabolic Monge-Ampère equation:
where ω(t) =ω − tRic(ω) + √ −1∂∂ϕ(t) is the solution to the Kähler-Ricci flow (7). A direct computation gives
where we have used Proposition 2.1 in the last inequality. Now we assume the Kähler-Ricci flow (7) exists a maximal solution for t ∈ [0, T ) and assume Proposition 2.2 fails, i.e. T < 1 nA . Set M(t) := sup X tr ω(t)ω for t ∈ [0, T ), which is a smooth positive function. By applying the maximum principle in (9) we easily have
2 .
When T < 1 nA and t ∈ [0, T ), we have
, which is a positive constant since by assumption T < 1 nA . Then we have proved that
on X × [0, T ). On the other hand, from (8) we have
We fix a positive constant B with Ric(ω) ≥ −Bω, then by (10) we have
from which one easily concludes that
on X × [0, T ). Combining (10) and (11) gives
Therefore, we have
on X × [0, T ) (note that C 1 > n and hence C −1 1
Having (12), we can obtain uniform higher order derivatives for ω(t) on t ∈ [0, T ) and then show, as t → T , ω(t) → ω(T ) smoothly, for some Kähler metric ω(T ) (see [2, 15] ). Consequently, one can solve the Kähler-Ricci flow for t ∈ [0, T + ǫ), where ǫ is some positive number. This is a contradiction, since we have assume T is the maximum existence time of (7). Therefore, there must holds T ≥ 
Proof. For any small ǫ > 0, we choose a Kähler metric ω ǫ ∈ α with sup X H ωǫ ≤ µ α + ǫ. Then we consider the Kähler-Ricci flow ω ǫ (t) running from ω ǫ on X,
which by Proposition 2.2 has a smooth solution on [0,
). On the other hand, recall the Kähler class along the Kähler-Ricci flow (14) is given by
So we have
Since ǫ is an arbitrary positive constant, we conclude from (15) that
Proposition 2.3 is proved.
Now we can give a
Proof of Theorem 1.1. If there exists some i 0 with µ α i 0 = 0, then by Proposition 2.3 we see λ α i 0 = ∞ and hence K X is nef. So in the following we may assume µ α i > 0 for all i. Again, by Proposition 2.3 we have
In particular,
is a Kähler class, or equivalently,
is a Kähler class. On the other hand, by the Definition 1.2 of Property (A), we easily have that
which by definition means K X is nef. 
for every x ∈ X, here H ω (x) has been regarded as a function on CP n−1 . Note that
Assume sup X S ω = S ω (x 0 ), then using (16) gives
where C n := 
Therefore, if in particular X is a Fano manifold and α ia a Kähler class on X, then (17) provides a positive lower bound for µ α ; for example, setting α = 2πc 1 (X) in (17) reads
We finish this section by discussing a byproduct of Proposition 2.2. The arguments for Proposition 2.2 in fact proved the following:
Proposition 2.4. Let X be an n-dimensional compact Kähler manifold and ω(t) a solution to the Kähler-Ricci flow (7) on the maximal time interval [0, T ). Assume T < ∞.
Then for every t ∈ [0, T ) we have
Proof. Note that by the maximal existence time theorem for the Kähler-Ricci flow [2, 22, 19] , the assumption T < ∞ implies K X is not nef, and hence by Theorem 1.1 (or [20, Theorem 1.1]) sup X H ω(t) > 0 for every t ∈ [0, T ). Next, for any fixed t 0 ∈ [0, T ), we have a Kähler-Ricci flow ω(t + t 0 ) with the maximal time interval [0, T − t 0 ) (here we have used again the maximal existence time theorem for the Kähler-Ricci flow [2, 22, 19] ). Then applying Proposition 2.2 gives
, or equivalently,
Proposition 2.4 is proved. 
which is proved by using the evolution equation of |Rm| and the maximum principle (see [3, Lemma 8.6 ] for details). On the one hand, our Proposition 2.4 implies (T − t) sup X |Rm(ω(t))| ≥ 1 n and hence provides an alternative arguments for the above (18) in the Kähler-Ricci flow category (but the lower bound 1 n is less optimal when n ≥ 5); on the other hand, Proposition 2.4 can be regarded as an improvement of (18) in the Kähler-Ricci flow category.
Non-existence of rational curve
In this section, we prove Theorem 1.2. To this end, we need the following observation. This observation is essentially due to Tosatti-Y.G. Zhang [21, Proposition 1.4, Remark 4.1], where they proved a similar result for the maximum of holomorphic bisectional curvature.
Proof. This follows from an almost identical argument given in Tosatti-Y.G. Zhang [21, page 2939], the only modification is replacing Yau's Schwarz lemma [30] by the one of Royden given in Proposition 2.1. For convenience, we present some details by following [21, page 2939] . Set A = sup X H ω . Firstly, since there exists a rational curve, by Yau's Schwarz Lemma [30] we know A > 0. The existence of a rational curve C in X also implies a non-constant holomorphic map f : C → X. Let ω C be the Euclidean metric on C. By applying a direct computation and Proposition 2.1 one has 
and hence
However, by the Definition 1.2 of Property (A), we easily have that
By combining (20) and (21), we obtain a contradiction. Theorem 1.2 is proved.
Miyaoka-Yau inequality
In this section, we first prove Theorem 1.3.
Proof of Theorem 1.3. Note that, in view of Remark 1.5 and Yau's result [29] , we only need to prove the case that X satisfies X c 1 (K X ) n = 0, i.e. K X is not big. By the curvature tensor decomposition and Chern-Weil theory (see [32, page 2752-2753] ; also see [18, page 96] or [14, Proposition 2.1]), we have, for any Kähler metric ω on X,
Therefore, to prove Theorem 1.3, it suffices to construct a family of Kähler metricsω i on X satisfying both of the followings as i → ∞:
We now use Wu-Yau's continuity equation: for any given Kähler metric ω i ∈ α i , consider
By using Yau's theorem [31] and Proposition 2.3 one easily sees that (23) has a smooth solution ω i (t) for t ∈ (nµ α i , ∞) (in fact, by Theorem 1.1 the solution exists for t ∈ (0, ∞)).
Moreover, by Proposition 2.1 and arguments in [20, Section 2] we know, for any ǫ > 0, if we choose ω i ∈ α i with sup X H ω i ≤ µ α i + ǫ, then the solution ω i (t) to (23) satisfies
which in particular implies
We separate discussions into two cases:
Case (1): there exists some i 0 with µ α i 0 = 0. In this case, we choose a family of Kähler metrics ω i 0 ,ǫ ∈ α i 0 with sup X H ω i 0 ,ǫ ≤ ǫ and setω ǫ := ω i 0 ,ǫ (2nǫ), where ω i 0 ,ǫ (t) is the solution to
Obviously, [
Case (2): µ α i > 0 for every i. In this case, we choose ω i ∈ α i with sup X H ω i ≤ 2µ α i and setω i := ω i (3nµ α i ). Then by the Definition 1.2 of Property (A) [ 
, and hence, as i → ∞,
Combining Cases (1) and (2), we have proved Theorem 1.3.
Next, we give a proof for Theorem 1.4.
Proof of Theorem 1.4. Let's first look at the item (1), so we have a Kähler class α with µ α = 0. Then by the same arguments in above proof for Theorem 1.3, we can construct a sequence of Kähler metricω ǫ for ǫ > 0 satisfying
Observe that, when ν < n − 2,
as ǫ → 0. On the other hand,
as ǫ → 0. Plugging (29) and (30) into (22) gives the desired result (2).
Next we look at the item (2). Obviously, we only need to discuss the case α ∞ = [0]. When α ∞ = [0], we must have µ α i → 0 as i → ∞. By the same arguments in above proof for Theorem 1.3, we can construct a sequence of Kähler metricω i for ǫ > 0 satisfying
Similar to the item (1), we can show that, as i → ∞,
and
Plugging (31) and (32) into (22) gives the desired result (3). Theorem 1.4 is proved.
Finally, we give a
Proof of Theorem 1.5. We may assume without loss of any generality that α is a Kähler class on X. The proof we discuss here is a simple modification of arguments in Y.G.
Zhang [32] (also see [14] ). For an arbitrary Kähler class α on X and a Kähler metric ω 0 ∈ α, we consider the Kähler-Ricci flow ω = ω(t) t∈[0,∞) running from ω 0 :
along which the Kähler class satisfies [ω(t)] = −2π(1 − e −t )c 1 (X) + e −t α. Note that, as in the above proof for Theorem 1.4, we easily have, as t → ∞,
Then, to complete the proof we make the following Claim: as t → ∞ there holds
To see this, we need the followings:
and so
Set L(t) := e (n−ν−2)t X S(t)ω(t) n . By direct computation we have
where A k 's are some constant only depending on c 1 (X), α, n and k, and hence we can find a positive constant C such that
Using (36) and the easy fact [ω(t)] n ≤ Ce −(n−v)t , we see that the second term in (35) satisfies
where C is some uniform positive constant. Now recall a result of Song-Tian [17] that the scalar curvature S(t) is uniformly bounded on X × [0, ∞) when K X is semi-ample (this is the only place using the semi-ampleness of K X ), and so
Plugging (37) and (38) into (35) gives
which completes the proof of Claim. Now the (4) follows by plugging (33) and (34) into (22) . Theorem 1.5 is proved.
Remarks on Property (A)
In this section, we shall make some more remarks on Property (A). Let's begin with the following one, which directly follows from the well-known decreasing property of holomorphic sectional curvature on submanifolds. This Claim can be easily checked by using the definition of holomorphic sectional curvature and the product structure; so we omit the details here.
By assumption, we fix a sequence of Kähler classes α i on X and β i on Y such that µ α i α i → 0 and µ β i β i → 0. We separate discussions into three cases as follows:
Case 1: there exist a Kähler class α on X with µ α = 0 and a Kähler class β on Y with µ β = 0. In this case we have µ α+β = 0. Indeed, for any ǫ > 0 we choose Kähler metrics ω ǫ ∈ α and η ǫ ∈ β such that sup X H ωǫ ≤ ǫ and sup Y H ηǫ ≤ ǫ, and define χ ǫ := ω ǫ + η ǫ be the product Kähler metric on Z. By the above Claim we have sup Z H χǫ ≤ 2ǫ, and so µ α+β = 0. Finally, we make a remark on projective case.
Remark 5.1. Recall that if X is a projective manifold, then K X is nef by definition means C c 1 (K X ) ≥ 0 for any irreducible 1-dimensional subvariety C on X (this is equivalent to that c 1 (K X ) is a limit of Kähler classes when X is projective). Correspondingly, it seems natural to introduce the following definition: we say a projective manifold X satisfies Property (A*), if for any irreducible 1-dimensional subvariety C on X there exists a sequence of Kähler classes α 
